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Abstract. We have studied (ab-initio) the feasibility of Amplification Without Population Inversion
(AWPI) both numerically and analytically, in H2 and Lis molecules for three different three level schemes
e.g. (i) Ladder, (ii) V and (iii) A. We have shown that the shape of the gain profile (gain as a function of
the detuning from upper lasing level) and its magnitude are different for these three transition schemes. We
have also shown that the strength of AWPI and its variation with detuning can be controlled by choosing
different vibrational levels of the molecule as the upper and lower levels for amplification. Thus AWPI
can be obtained in a wide range of frequencies considering transitions between different vibrational levels
within the same set of electronic states, in contrast to that in atoms. For three level ladder system, time
evolution of gain profile shows that for resonant transitions AWPI can be obtained only for short time
duration. It has been shown that AWPI is also feasible in presence of Doppler broadening (which is orders
of magnitude greater than the spontaneous decay width in Hs and Li> molecules) if the coherent coupling
strength is increased by orders of magnitude.

PACS. 42.50.Gy Effects of atomic coherence on propagation, absorption, and amplification of light; electro-
magnetically induced transparency and absorption — 42.50.Hz Strong-field excitation of optical transitions

in quantum systems; multiphoton processes; dynamic Stark shift

1 Introduction

During the last decade considerable interests in the field of
light amplification without population inversion (AWPI)
and lasing without population inversion (LWPI) have been
studied both theoretically [1-4] and experimentally [5].
Some experimental findings in AWPI of atoms (Na and
Rb) are in good agreement with the theoretical calcu-
lations [5] (see last two references in [5]). These inves-
tigations on AWPI/LWPI have been carried out due
to its potentiality for extending the laser sources in
the spectral regions in which the population inversion
is difficult to achieve, e.g. in UV or VUV spectral re-
gion, where lasing occurs in general from highly excited
Rydberg/Autoionizing state. Moreover, inversionless las-
ing gives rise to narrower linewidth (compared to conven-
tional lasers) and amplitude squeezing [6].

The key mechanism underlying this type of lasing is
that the absorption becomes minimum or equal to zero
due to some destructive interference between different ab-
sorption channels, keeping the emission intact. Hence,
a small population in the upper lasing level can give
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rise to light amplification. To minimize the absorption,
atomic coherence is set either by (i) some external coher-
ent field [1] or (ii) a system is chosen where atomic coher-
ence is inherent in the medium, (e.g. coherence between
autoionizing (AI) states and the continuum embracing the
AT states and giving rise to Fano interference) or (iii) the
presence of two-photon coherence in chaotic/diffused radi-
ation field [2—4]. To obtain LWPT in absence of any coher-
ent field, in general a multilevel system is chosen of which
one or two levels are autoionizing states. In this system
the absorption channels to the autoionizing state and the
continuum (embracing the autoionizing state) interfere de-
structively giving rise to minimum absorption, whereas
the emission from the upper lasing level remains intact.
In our previous calculations we have studied [3] using re-
solvent operator technique, different interesting features
for LWPI in model systems as well as in Hy molecules
(ab-initio calculations) involving autoionizing states. In
this case strong coherent field to invoke the atomic co-
herence is not necessary. The most remarkable feature
is that to get lasing from an excited AI state, one has
to pump the lower autoionizing state only. This is possi-
ble due to the inherent coherence between two Al states
caused by configuration interaction coupling via common
continuum. We have also shown that the process of LWPI
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is affected by the presence of different absorption channels
via the near resonant rovibrational levels in Hy molecules.
There is another way of getting LWPI in absence of any
coherent field, is to invoke two-photon coherence in pres-
ence of chaotic field or diffused radiation field in a three
level ladder system [4].

For the LWPI in presence of strong coherent field, the
atomic coherence is invoked by coupling at least two levels
of the system by the strong coherent field. In this process,
one of the strongly coupled states is either the lower las-
ing level or the upper lasing level. A probe field couples
two lasing levels and it is used for registering the LWPI.
Different type of schemes [1] (e.g. Ladder, A, V etc.) have
been proposed in three and four level model systems and
have been shown that lasing without population inver-
sion can be obtained for different set of parameters. The
physical phenomena involved in case of absorption and
emission in V and A system and the effect of atomic co-
herence on these processes have been analyzed by dressed
state approach [7]. In a recent study on superfluorescence
without population inversion in a three level V system
it has been shown that in the pulsed regime an initial
Raman Inversion is required for superfluorescence to be
possible [8]. It has been shown that in case of Ladder
(three level) system inversionless lasing with self gener-
ated driving field can be obtained on a fast-decaying tran-
sition [8]. The effect of strong coupling of a cavity mode
with the intermediate state of a three level Ladder system
has also been studied [9]. Amplification on dark transi-
tions in a three level V-system has been studied [10] to
understand the physical phenomena involved in these pro-
cesses. In real systems (e.g. atoms and molecules) most of
the calculations have been done using different schemes
for the realisation of AWPI in atomic systems [5,11,12].
It has been shown in polyatomic molecule the microwave
induced transparency [12] is more efficient than electro-
magnetically induced transparency in atoms. Role of in-
homogeneous broadening on coherent population transfer
in polar molecule [15] and on the inversionless lasing in
homonuclear diatomic molecule [14] has also been studied.

In this paper we have studied AWPI in molecules
(Hz and Liy) considering Ladder, V and A type transitions
involving three vibrational levels of the system and it has
been shown that the coherence required for the AWPI can
be achieved. Unlike atoms, molecules have extra degrees of
freedom such as rotational and vibrational motion which
may affect the AWPI processes in different ways. There-
fore it is interesting to study the dependence of AWPI
on the choice of rovibrational levels of the molecules, in-
volved in the transitions. The evolution of gain (transient
and steady state) [13] in three level system has been stud-
ied previously. In this work we have studied the evolution
of gain profile with time as well as the evolution of popula-
tions and coherences in the Doppler broadened three level
system (in Ho and Lis molecules). To our knowledge this
type of comprehensive ab-initio study in molecules has not
been done before. Moreover, in the present work, we have
shown the conditions under which AWPI in the VUV /UV
and red/infrared spectral range can be obtained in Hy and

Lis molecules respectively by considering Doppler Broad-
ening of the molecular levels and this may be tested in the
laboratory. In a recent study on Nay molecule it has been
shown that AWPI is feasible although these molecules
have large Doppler width [14]. We have shown that al-
though the Doppler width in Hs molecules is greater than
that in Nay molecule, AWPI is feasible in presence of
strong coherent coupling. In the study of coherent popula-
tion transfer, it has been shown [15] that in the presence of
Doppler broadening the absorption of probe is enhanced
when the Rabi frequency is smaller than the Doppler
width. On the study of enhancement of refractive index
in phaseonium, it has been shown that for the Doppler
width which is one order of magnitude greater than the
spontaneous decay width refractive index is damped to be
negligible [18]. We have shown here although the AWPI
is reduced by orders of magnitude in presence of Doppler
width which is several orders of magnitude greater than
the spontaneous width one can get AWPI by increasing
the intensity of coherent radiation field and also by in-
creasing the gas density to a value for which the collisional
width is orders of magnitude less than the Doppler width
(see Results and discussion).

In general AWPI is studied in atoms by considering
three, four or multilevel schemes, where two closely spaced
upper or lower levels are chosen to be hyperfine levels (the
spacing between these levels is around 1 GHz depending
on the specific atoms). In this work we have shown that
for AWPI in molecules one can also choose two rovibra-
tional levels as two upper levels in three level V-system
and two lower levels in three level A system. Although the
spacing between vibrational levels are at least one order
of magnitude greater than that between rotational levels
and several orders of magnitude greater than the hyperfine
splitting (e.g. in the ground state of Hy molecule vibra-
tional spacing, rotational spacing and hyperfine splitting
are of the order of 65842.5 GHz [16], 6584.25 GHz and of
the order of 1 MHz [17] respectively), the coherence can
be maintained between two vibrational levels, making the
AWPI feasible. Moreover the options for choosing different
three level systems in molecules by considering transitions
between different rovibrational levels are numerous. Hence
within a set of two or three electronic states one can con-
sider transitions between several rovibrational levels to get
AWPI in a wide range of frequencies which is not possible
in atoms. In case of atoms since the hyperfine levels are
very close to each other lasers used for probe and strong
field should have bandwidth less than this spacing (less
than 1073 em™1!) for singling out the individual states. In
case of molecules since the vibrational levels are widely
spaced this restriction is not required as long as coherence
is maintained. It is to be noted that the Doppler width
for the diatomic molecules e.g. that in Hy molecules is
of the order of 23.6 GHz, which is orders of magnitude
smaller than the rovibrational spacing but several orders
of magnitude greater than the hyperfine splitting and is
one order of magnitude greater than the total spontaneous
decay width of excited levels (1 — 2 GHz) [16]. Colli-
sional width at room temperature will be 10 MHz when
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the atomic/molecular pressure is kept at 1 Torr [18] which
is three orders of magnitude less than the Doppler width.
Similar study on Coherent Population Transfer in polar
molecule has been done considering transitions between
different vibrational levels [15].

It is well-known that in case of Hy molecules, the
para molecules (with nuclear spin I = 0) will occupy the
states with even total angular momentum quantum num-
ber (j =0, 2, 4 etc.) and the ortho molecules (with I = 1)
will occupy the states with odd angular momentum quan-
tum numbers. By using molecular jet one can get most
of the populations in 57 = 0 and 1 levels. But one can
selectively excite v = 0, j = 0 level of ground state by
choosing the transition frequency appropriately (e.g. en-
ergy difference between v = 0, j = 0 level of ground state
of Hy molecule and v = 0,j = 1 level of B'Y, state is
90316 cm~'). A simple calculation can show that if the
v = 0, 7 = 1 level of the ground state is excited by
a photon of this energy, it will reach very close to the
v = 0,7 = 3 level of B'Y, state (this transition is for-
bidden) and it will be detuned from the j = 2 level by
approximately 109.7 cm~!. Therefore the probability for
detuned transition from j = 1 level of the ground state is
much weaker than the resonant transition from j = 0 level.
Since here the transition from j = 0 level of the ground
state has been considered, only the m; = 0 level of the
excited j = 1 level will be populated due to Am; = 0 se-
lection rule (we have considered linearly polarized light).
There will be no population distribution among other m;
levels for ¥ — X transitions. However for Ladder transition
scheme in Lis molecule, transitions to three m; levels in
strong ¥ — II coupling have been taken into account.

In this calculation we have considered three level closed
system. But in practice other rovibrational levels of the
molecule will take part in the process in the following
ways: (1) the excited molecule may spontaneously decay
into different rovibrational levels of the allowed lower elec-
tronic states and (2) once these levels get populated due
to spontaneous decay, there is a possibility that these lev-
els will be further excited by the laser photons taking part
in this process.

(1) To include the effect of spontaneous decay to dif-
ferent vibrational levels one will have to consider total
spontaneous decay width in place of partial decay width
considered in this calculation. But it has been mentioned
in the last paragraph that the total spontaneous decay
width in Hy molecule is one order of magnitude less than
the Doppler width. We have shown that to get AWPI in
presence of large Doppler width one will have to increase
the intensity of coherent field so that the ac Stark splitting
of levels are greater than the decay width. The incoherent
pumping rate should also be increased so that a small frac-
tion of the molecules is excited in the upper lasing level
(see Results and discussion). Therefore if we add this total
spontaneous width with the Doppler width one will have
to slightly increase the intensity of the strong field and the
incoherent pumping rate but the results will remain the
same qualitatively and almost the same quantitatively as
those shown by taking into account of Doppler broaden-

ing. It has been shown that in presence of inhomogeneous
broadening, effect of homogeneous broadening will be
negligible [19].

(2) Now let us consider the effect of further transi-
tions from other rovibrational levels which will be pop-
ulated due to spontaneous decay from the excited lev-
els, on the amplification process. Let us choose three level
V-system in Hy molecule where the strong field couples the
v = 0 levels of ground X lEg state and the first excited
B'Y, state and the probe and pump field act between
v =0 — v1 = 1 levels of these two electronic states. The
frequencies for these two transitions are 2.70375 x 10'° Hz
(photon energy = 90125.214 cm 1) and 2.74334 x 10° Hz
(photon energy = 91444.917 cm 1) respectively. It is well-
known that under normal condition the population in
v = 0 level of the ground state of a molecule is maxi-
mum and it decays exponentially with the increase in vi-
brational quantum number. The higher vibrational levels
of the ground state will be populated due to spontaneous
decay from these excited levels (v; = 0 and 1 levels of
B1Y, state). But in the large time limit these molecules
will decay to ground state due to collisional and vibra-
tional relaxation. Within the life time of an excited vibra-
tional level say v = 1 level of X'%, state (which is closest
to v = 0 level), the fraction of the molecules lying in this
level may be further excited by the probe and strong fields
to higher vibrational levels of B'Y, state e.g. strong field
will excite the molecule in between v; = 3 and 4 levels and
probe field will excite the molecule in between v; = 4 and
5 levels and the amplification process will be repeated. But
since this will be a second order process and since the fre-
quencies are far away from the exact resonance from these
levels, effect of this second order process will be orders of
magnitude less than the first order process (i.e. the initial
excitation from the v = 0 level of the ground state). The
total spontaneous decay widths of v; = 3, 4 and 5 levels
of B'Y, state are 1.536,1.448 and 1.349 GHz respectively
whereas the detunings of the strong coherent field from
v1 = 3 and 4 levels are 9419 GHz and 26973 GHz respec-
tively and those for the probe and pump field from v; =4
and 5 levels are 12594 and 22806 GHz respectively. Simi-
larly one may consider further transitions from higher vi-
brational levels i.e. v greater than 1 of X3, state but the
energy consideration will show that these transitions will
be much detuned from different excited vibrational levels
(i.e. v; greater than 3) of B'Y,, state. Furthermore the
Franck-Condon overlap with higher vibrational levels will
decrease with the increase in vibrational quantum num-
ber. Hence the transition strengths will be much weaker
i.e. will be less by two to three orders of magnitude. More-
over, since these transitions will occur from excited vibra-
tional levels only a small fraction of the molecules will take
part in this second order process. Therefore the probabil-
ity for further transitions from different vibrational levels
of X3, state can be ignored. This is due to the fact
that the rovibrational spacing in molecules are orders of
magnitude greater than the spontaneous decay width of
these levels. For V-system it is found that the maximum
gain is obtained for the probe frequency detuned from
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the exact resonance. The detuning for the maximum gain
with Doppler broadening is of the order of 1316.85 GHz
which is one order of magnitude less than those for the
transitions from the excited vibrational level v =1 in the
ground state (as mentioned above). Therefore at the max-
imum gain although the probe frequency is detuned from
the exact resonance, the effect of further transitions from
other vibrational levels can be neglected. In case of Ladder
scheme, the loss due to multiphoton ionization from the
top most state may affect [20] the AWPI process. But in
the present case multiphoton ionization will be a third or-
der process in Hy molecule for Ladder scheme. For V and
A transition schemes molecules will be excited to the very
high energy ionization continuum from the B'Y, state
by the strong field VUV photon. Hence the probability
for bound-continuum transition (high above the ioniza-
tion threshold) will be much less than the bound-bound
transition.

A simple calculation considering energy spacing be-
tween different rovibrational levels in Liz molecule (of the
order of 6584 GHz in A'Y,, state and 10534 GHz in X',
state), its hyperfine splitting [21] (of the order of 1 MHz),
total spontaneous decay width (77 MHz from v = 0 level
of A'Y, state) and the Doppler width at room temper-
ature (of the order of 1.5 GHz), it can be shown that
the conclusions drawn above for the Hy molecule on the
effect of decay to other rovibrational levels and on the
possibility of further transitions from these excited rovi-
brational levels, will be the same for Lis molecule. We
have discussed above the case of three level V-system in
H> and Liy molecules. Due to lack of space we have not
discussed here other two transition schemes. But from the
data given in this paper (see Results and discussion and
the figure captions) and the energy values and sponta-
neous decay widths given in the literature [16,22], it can
be shown that the above conclusions are also valid for A
and Ladder system in both the molecules. We have shown
here that AWPT in the UV/VUV and infra-red region can
be controlled by choosing different vibrational levels of
H; and Liz molecules. It has been shown elsewhere [23]
that AWPI in the visible range can be controlled also by
choosing different rotational levels in LiH molecule. In the
present work we have studied only the amplification of
weak probe field. But the study of the effect of the finite
length of the active medium, coupling with cavity modes
etc. on the amplification process will be interesting and
has been left for future investigation.

In the present work we have set up the density matrix
equations by choosing three rovibrational levels of differ-
ent electronic states. For ladder system we have chosen
the ground and two excited electronic states and for V/A
schemes the ground and the first excited allowed electronic
state have been considered. We have solved these equa-
tions numerically to obtain time evolution of coherences
and populations. We have found that the populations and
coherences reach the steady state limit at the asymptotic
time i.e. the time which is much greater than the largest
characteristic time of the system. To check this we have
analytically solved the above equations in the steady state

limit i.e. by putting p;; = 0 at the left hand side of all the
equations (3a — 3e) and replacing (3f) by the closure
relation. It is found that the values of populations and
coherences obtained by numerically solving the equations
(3a — 3f) agree with the analytical values obtained by
formally solving the equations in the steady state limit.
Analytical expressions for the populations and coherences
in the steady state limit will be given elsewhere. Simplified
analytical expressions for the coherences and the popula-
tions can be derived from these formal solutions, under
different approximations. But to get the general solutions
without approximations [8] and to study the evolution of
the system, it is necessary to solve these time dependent
equations (3¢ — 3f) numerically and to compare these
numerical values at the asymptotic time limit with the
analytical values obtained from the formal solutions in
the steady state limit. From the coherence between two
lasing levels we have calculated the gain profile (gain as
a function of detuning from the upper lasing level) at dif-
ferent values of evolution time. Numerical values of gain
at the asymptotic time have been checked with the an-
alytical values of gain in the steady state limit. We have
studied dependence of gain profiles on the choice of transi-
tions involving different vibrational levels with and with-
out Doppler broadening at the room temperature. For
all the calculations closure relation for the populations
in three levels has been checked.

2 Theory

Figures 1la, 1b and lc show the schematic diagram for
the Ladder, V and A transition schemes respectively. The
theory for Ladder transition scheme has been given here
in detail. The density matrix equations for the V and A
transition schemes can be derived using similar procedure.

2.1 Ladder transition scheme

We consider a three-level ladder system with ground
state |3) and excited states |2) and |1) as illustrated in
Figure la. The transition |2) — |1) of frequency wo; is
driven by a strong coupling laser of frequency w;. A weak
probe laser of frequency ws is applied to the transition
|3) — |2). An incoherent pump field of rate 24 is applied
between [3) and |2). 2y; and 27, are the spontaneous de-
cay rates of the states |1) and |2) respectively. The Rabi
frequencies for the coupling and probe fields respectively
are given by:

21 = dpm
2y = dijEQ

(1a)
(1b)

where E; and E5 are the electric field for the coupling
and probe fields while dy,,, and d;; are the dipole transition
moments for the respective transitions. For ladder scheme,
k=1, m=2and ¢ =2, j = 3. The detunings between
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Fig. 1. (a) Schematic diagram for the ladder transition
scheme. The probe field of frequency w; and the strong field of
frequency w2 have been applied between levels |3) — |2) and
|2) — |1) respectively. The level |2) is pumped by the incoher-
ent pumping field of rate 24 from level |3). 2v; and 272 are the
spontaneous decay width of levels |1) and |2) respectively. A;
and Ay are the detunings from the levels |1) and |2) respec-
tively. (b) Schematic diagram for three level V scheme. The
probe field and the strong field have been applied between lev-
els [3) — |1) and |3) — |2) respectively. (c) Schematic diagram
for three level A scheme. Here the strong field has been applied
between levels |1) and |2).

the field and the system frequencies are given by:
Ay = wgm — w1
AQ = Wijj — wa.

Under the rotating-wave approximation, the density-
matrix equations of motion can be written as:

p11 = —2v1p11 + i821p21 — 182 p12 (3a)

p12 = —(m1 +y2 +iA1)p12 + 121 (p22 — p11) — 12513
(3b)

P13 = —[(71 + A) + (A1 + Ag)]p1s + i21p23 — if22p12
(3¢)

P22 = 271p11 + 2Ap33 — 27222 + 1827 p12

+ 829032 — 121 po1 — 1825 pa3
P23 = —[y2 + A+ 1A2)pas + 1927 p13 + i22(p33 — pa2

(3d)

)
(3e)
(3f)

P33 = —2Ap33 + 27y2p20 — 1022p32 + 1625 pas.

The above set of equations can be written as a matrix
equation,
op
ot
which can be solved numerically to obtain the density ma-
trix elements. Here p is the density matrix and A is the
coefficient matrix.
The gain coefficient for a three-level system is given as:

Ap (4)

—47an2|dij|2

G= fics2s

Im(pi;) (5)

where n is the number density of molecules and p;; is the
coherence term for the transition over which the probe
field is applied. For ladder transition scheme, i =2, j =3
in equation (5).

To obtain gain in the steady state, we have formally
solved the above equations by putting left hand side equal
to zero to obtain analytical values of populations and co-
herences and hence the gain as a function of detuning.

2.2 V-scheme

In this scheme, the transition |2) — |3) is driven by the
strong laser while the probe is applied on the transition
[1) — |3) (Fig. 1b). Rabi frequencies and detunings are
given by (1) and (2) with k=2, m=3andi=1, j = 3.
The gain coefficient is given by equation (5) with i = 1,
j=3.

2.3 Lambda scheme

In this three-level scheme, the excited states |1) and |2)
are coupled by the strong field, while the upper excited
state |1) and the ground state |3) are coupled by a weak
probe field (Fig. 1c). Accordingly, the Rabi frequencies
and detunings are defined by equations (1) and (2) with
k=1 m =2and ¢ =1, j = 3. The gain coefficient is
given by equation (5) with ¢ =1, j = 3.

To include the effect of Doppler broadening the
Doppler widths vp, and vp, should be added to the decay
widths v; and v, respectively for all the three transition
schemes. The Doppler widths are defined as:

vp; = 2w;/cy/2 (In2) kT /m

where w; is the frequency for the transition ¢, m is the
reduced mass of the molecule and T is the temperature of
the system.

3 Transition schemes

We have considered here three type of transition schemes
to study LWPI in Hy and Lis molecules, e.g. Ladder, V
and A type three level system. In Hy molecule we have
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considered the following transitions:
(i) for ladder system,
X8, % (v, )= B8, (01, 1)
transitions are coupled by the probe field and
B, (v1,51)—E, F'S* (v, j2)

transitions are coupled by strong coherent field;
(ii) for V system,

Xlngr(,U’ j)HBIEqu(vlajl)
transitions are coupled by the probe field and
X12g+(’l], j)_)Blzu+(U25 .72)

transition is coupled by the strong coherent field;
(iii) for A system,

B'S, T (v1,51)—=X"S, " (v, ))
transition is coupled by the probe field and
B'S,(v1,51) = XSy T (va, ja)
transition is coupled by the strong coherent field.

Similarly for Liz molecule we have considered following
transitions:

(i) for ladder system,
X185 (v, )= AT (v, 1)
transitions are coupled by the probe field and
AT (01, 1) =T T (vs, 52)

transitions are coupled by the strong coherent field;
(ii) for V system,

X129+(va j)*)AIEqu(vlajl)
transitions are coupled by the probe field and
X12g+(’ua j)—)A12u+(’U2, .72)

transition is coupled by the strong coherent field and
vice versa;
for A system,

(iii)
X'y (v, )= AT (v1, 1)
transition is coupled by the probe field and
ATS T (01, 1) =X By (v, )
is coupled by the strong field.

Here v is the vibrational quantum number and j is the
angular momentum quantum number for the molecular
system. For all the transition schemes incoherent pump
field is on the probe transitions.

The European Physical Journal D

4 Calculations

For the calculation of gain in Hy molecules the data for
the total dipole transition moments (product of electronic
dipole transition moments with the wavefunction of initial
and final rovibrational levels and integrated over nuclear
coordinates) were taken from the literature [16]. The decay
width from different rovibrational levels were calculated
from these data. For Lis molecules the potential energy
curves and the electronic dipole transition moments are
available in the literature [22]. We have calculated the to-
tal dipole transition moments by integrating the product
of electronic dipole transition moments (as a function of
internuclear separation) with the wavefunction of initial
and final rovibrational levels. Similarly the decay widths
from different rovibrational levels were calculated. The co-
efficient matrix A were constructed from these ab-initio
data and diagonalized for different values of detunings
from the upper lasing level and evolution time, to cal-
culate the coherences and populations. Calculations have
been repeated by considering Doppler Broadening.

5 Results and discussions

We have presented here the results for gain in three level
Ladder, V and A system as a function of detuning from
the upper lasing level in Hy and Lis molecules. Results
are given for steady state limit as well as at intermediate
values of time to show the evolution of gain profile with
time. Since we have chosen a molecular system as a gain
medium, it has been shown that the gain profile as well
as its magnitude depend on the choice of different rovi-
brational levels for the probe and strong field transitions.
Since the Doppler width at room temperature of these two
molecules is orders of magnitude greater than the spon-
taneous width, we have studied the gain profiles to show
the feasibility of amplification under such strong damping.
Time evolution of amplification, population inversion and
the populations in three levels has been shown considering
the Doppler effect.

In H; molecule, considering the ladder transition
scheme, gain profiles (at the steady state limit) for three
different vibrational levels of B'Y, state (v = 0, 1 and
2 as the upper levels for amplification) have been shown
in Figure 2. The strong field coupling for this transition
scheme is between these three vibrational levels of B'%,,
state and v = 0 of E, F'S, state. It is found that the
AWPI depends on the choice of vibrational levels as the
upper level for amplification. This is because of the fact
that the dipole transition moment, spontaneous decay and
the energy difference of these levels from the lower level
are different and the coherence responsible for amplifi-
cation depends on these system parameters. It is found
that the AWPI can be obtained under the condition that
the incoherent pumping rate to the upper level is < the
spontaneous decay rate of that level. Otherwise when A
is greater than « (72 for the Ladder scheme and ~; for
the V and A scheme) population get inverted. Since 7’s
are different for different vibrational levels one has to use
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Fig. 2. Ladder scheme in Hy molecule: gain profile for amplification from three vibrational levels (v = 0,1 and 2) of B'%,, state
without Doppler broadening. Solid line: v = 0, y1 = 3.155294x 10~ " a.u. (0.2077 MHz), v2 = 1.108695x 10~ '° a.u. (0.7299 MHz),
A=1.1086 x 107'° a.u. (0.7299 MHz); dashed line: v = 1, 1 = 2.030416 x 107! a.u. (0.1336 MHz), y> = 3.91735 x 107 a.u.
(2.5792 MHz), A = 3.917 x 107 a.u. (2.5790 MHz) and dotted line: v = 2, y1 = 7.905192 x 107'? a.u. (0.05204 MHz),
72 = 8.039162 x 107'° a.u. (5.2930 MHz), A = 8.039 x 107'° a.u. (5.2930 MHz). In the above three calculations 7 = 10'? a.u.
(2.4188 x 107" ), the intensity for probe field = 9 x 107® W/cm? and the intensity for coherent field = 1072 W/cm?. For
ladder transition the probe field couples level 3 with level 2. For A and V scheme probe coupling is between levels 3 and 1 as
shown in Figure 1. Inset shows gain profile (solid) and population difference (p11 — pas) (dotted) for amplification from v =0
level of B'Y, state with Doppler broadening, yp = 3.5845 x 107¢ a.u. (23.6 GHz). Here almost the same Doppler widths have
been considered for labels 1 and 2. 7 = 10'° a.u. (2.4188 x 1077 ), and A = 3.5 x 107% a.u. (23 GHz). Intensity for probe
field = 50 W /cm? and intensity of coherent field = 6 x 10° W/cm?. Here the gain and the detunings are given in a.u. To convert
both in the unit of cm™* one will have to divide gain by the factor 0.52917715 x 10~® and to multiply the detuning by the

factor 219475.

different A to obtain AWPI. In these three sets of calcu-
lations the values of strong coherent fields are the same.
Similarly the values of the probe fields are chosen to be
the same to demonstrate clearly the effect of the choice of
different vibrational levels on amplification. Inset shows
the gain profile for the transition to the v = 0 level of
B'Y, state at the steady state limit (i.e. at a large time)
by considering Doppler broadening. It is found that the
gain considering the Doppler broadening is six orders of
magnitude less than the gain obtained without consider-
ing the Doppler broadening. This is because of the fact
that the Doppler width for these transitions are four to
six orders of magnitude greater than the spontaneous de-
cay widths. Hence the strength of the coherent field has
to be increased by four to six orders of magnitude so
that the splitting of two strongly coupled levels exceeds
the inhomogeneous broadening. The energy difference be-
tween the ground vibrational level (v =0, j = 0) of X'%,
state and the v = 0,1 and 2 (j = 1) levels of B'Y, state
are 90125.214 cm ™!, 91444.917 cm~! and 92771.643 cm ™!
respectively. These energy differences correspond to the

wavelengths 110.9 nm, 109.3 nm and 107.7 nm respec-
tively. Therefore in Hy molecule, AWPI can be obtained
in the VUV spectral region. Generation of these wave-
lengths in the laboratory is possible [24] and this can be
used as probe field. Regarding the strong field coupling
it is found that the intensity required is in the range of
6 x 10° — 6 x 101 W/cm? (in presence of Doppler broad-
ening). For Ladder-scheme the coherent field wavelengths
are 1109.6 nm, 1300 nm and 1560.2 nm for the upper tran-
sition from v = 0, 1 and 2 levels of B'Y, state respectively.
Therefore for Ladder configuration AWPI in Hy molecule
is feasible to observe in practice. For the V and A schemes
the wavelength for coherent transition is 110.9 nm and
114.4 nm respectively. For these wavelengths one can ob-
tain intensity in the abovementioned range by focusing
a pulse of energy of nanojoule and duration ~10 ps into
the focal area of 10 ym2. Due to the Doppler broadening,
steady states are reached within a short time (~2x10% a.u.
i.e. ~48 ps), see upper inset in Figure 3. One can also
couple these two levels by three-photon transition using
lasers of wavelengths in the range of 330 nm and intensity
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Other parameters are the same as in Figure 2. 1 a.u. of time = 2.4188845 x 1077 s.

in the range of 10'* W/cm?. In the calculation of gain
(~1071® a.u. ie. 1.89 x 10719 em~!) we have used molec-
ular density of 10°/cm® but by increasing the molecular
density to the value as high as 10'6/cm® (pressure less
than 1 Torr) one can get gain (~2 x 1073 ¢cm™1!), com-
parable to He—Ne lasers. For this molecular density the
collisional decay width (less than 10 MHz) is much less
than the inhomogeneous broadening (~24 GHz). Rabi fre-
quency for B, (v = 0) — E,F1¥ (v = 0) levels is
2502 GHz which is two orders of magnitude greater than
the Doppler width. One can reduce the strong field inten-
sity at the cost of gain but to get appreciable gain AC-
Stark splitting should be greater than the Doppler width.
It is to be mentioned here that we have plotted the results
in a.u., in all the figures. But one can get both the gain and
the detunings in the unit of cm™! by dividing the gain by
the factor 0.52917715x 108 and by multiplying the detun-
ings by the factor 219475 respectively. This is applicable
to all the figures showing the gain as a function of detun-
ing. Gain profiles shown here with and without Doppler
broadening are the results obtained at the steady state
limit. It has been shown [8] previously that the sponta-
neous decay or the losses towards external states can give
rise to damped AWPI. We have also shown here that if
the decay widths are increased, as in the case of Doppler
broadening the AWPI get damped by orders of magni-
tude. We have shown here the profiles only with Doppler
broadening, since this is the most dominating damping
factor for these molecules. From the energy consideration

it can be shown that the effect of non-resonant transi-
tions from other states (which get some population due
to spontaneous decay from higher states) is negligible.
Nevertheless to include the effect of spontaneous decay
to other vibrational levels one will have to add the to-
tal spontaneous decay width (1.868 GHz, 1.741 GHz and
1.632 GHz for v = 0, 1 and 2 of B'Y,, state respectively)
with the Doppler width. Similarly the total spontaneous
decay width of v = 0 level of E, F'3, should be added
to the Doppler width. But since the total spontaneous de-
cay width is at least one order of magnitude smaller than
the Doppler width the net effect on the gain profile (with
Doppler broadening) will be very small (inset of Fig. 2).
Nevertheless it has also been shown [25] before that the
population losses can be controlled by repumping.

In Figure 3, evolution of amplification for the emis-
sion from v = 0 level of B'Y, state and the popula-
tion difference (p11 — p33) with time (in a.u.) have been
shown to demonstrate that even under large inhomoge-
neous broadening AWPI is feasible in the VUV range in
Hs molecule. Inset shows the evolution of populations in
three levels for the same transitions. It is to be mentioned
here that the time in a.u. (plotted in the figures) can be
expressed in the unit of seconds multiplying it by the fac-
tor 2.4188845 x 10~17. This is applicable to all the figures
showing the gain, population difference and the popula-
tions as a function of time. Evolution of gain has been
shown for the detuning at the peak position of the profile
(inset) in Figure 2.
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Fig. 4. Transient gain profiles from the v = 0 level of B'Y,, state (Ladder scheme in Hs molecule) at 7 = 2 x 10° a.u. i.e.
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line) (without Doppler broadening) are shown. The right inset shows population differences as function of detuning at the above

mentioned times. Solid line at 7 = 2 x 10° a.u. (4.837 x 1078 s),

dotted line at 7 = 1.2 x 10'® a.u. (2.902 x 10™7 s) and dashed

line at 7 = 10™ a.u. (2.4189 x 107> s). Other parameters are the same as in Figure 2. Here the dashed line almost coincides
with the zero line. Therefore the population difference (dotted line) and the gain profile (solid line) at 7 = 2.4189 x 107° s i.e.
at the steady state limit, has been shown separately in the left inset.

In Figure 4 we have shown how the gain profile evolves
with time for the emission from the v 0 level of
B'Y, state (in ladder configuration). This shows that the
initial amplification at resonance (solid line at time =
4.8 x 107 s) get damped with the increase in time at
2.88 x 1077 s (dotted line) and at large time 2.4 x 107° s
(dashed line), leading to two peaked gain profile if the
Rabi frequency is greater than the decay width. The
sponataneous decay time from v = 0 levels of E, F 129
and B'Y, states are 5 and 1.4 microseconds respectively.
Hence for this transition scheme amplification at reso-
nance can be obtained for the time which is less than
the sponataneous lifetime of the levels. Under the Doppler
free condition in Ladder configuration it has been shown
in Liy molecule [19] that a single peak in weak-field ex-
citation spectrum splits into two peaks with the increase
in the intensity of the strong field. Similar feature can
also be obtained in AWPI for the calculations without
Doppler broadening (not shown here). Instead of showing
the strong field effect on the profile, we have shown here
how the single peak profile evolves with time and splits
into two peaks in the steady state.

Right inset gives the population difference as a func-
tion of detuning at these three evolution times. The gain
profile (solid line) and the population difference (dotted
line) at the steady state (time = 2.4 x 10~° s) have been

shown separately in the left inset. This shows that at the
steady state the gain at resonance is wiped out leading
to two peaks symmetrically detuned from the resonance
and at these detuned positions population non-inversion is
maintained. Hence in the three level Ladder configuration,
amplification at resonance can be obtained with pulsed
probe (in this case square pulse) of duration 0.3 microsec-
ond or less under Doppler free condition. The gain at a
finite time can be obtained if one uses pulsed probe and
coherent fields of finite duration (same). One can solve
the above density matrix equations at each finite time for
different detunings to calculate the coherences and pop-
ulations at that particular time and hence the gain or
amplification by multiplying the imaginary part of the co-
herence by a constant factor as given in equation (5). In
this calculation we have considered constant intensities
for the probe and coherent pulses throughout the time of
evolution i.e. we have considered square pulses of finite
duration. It is to be mentioned here that the spontaneous
decay, incoherent pumping and the coherent coupling af-
fect the evolution of coherence differently at each instant
of time, depending on the individual time scales. Hence in
the case of pulsed probe laser, amplification will depend
on the temporal width of the pulses. Temporal evolution of
coherences and populations have been studied [1-3,7,13]
before in different contexts.
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Fig. 5. V-scheme in Hy molecule: gain profile without Doppler broadening for the transition from v = 0 level of X'%, state
to the v = 1 and 2 levels of B!, state. Solid line: probe v = 0 — 1, strong v = 0 — 0; dashed line: probe v = 0 — 2, strong
v = 0 — 0 and dot-dashed line: probe v = 0 — 2, strong v = 0 — 1. For V-scheme, transitions are between rovibrational levels
of X'%, and B'Y, states (see text). For the above calculations 7 = 4 x 10'! a.u. (9.675 x 107° s), intensity of probe field

= 107° W/cm? and intensity of strong field = 2.0 x 10> W/cm?.

Other parametrs are the same as in Figure 2. Inset shows gain

profiles with Doppler broadening for amplification from v = 1 level (solid line) and v = 2 level (dashed line) of B'Y, state. Strong
field couples v = 0 levels of X'%, and B'Y, states. Probe field intensity = 1 W/cm?, strong field intensity = 6 x 10'° W/cm?,

7 =10° a.u. (2.4188 x 107% s) for both the transitions.

Figure 5 shows the dependence of AWPI on vibra-
tional levels (v = 1 and 2 levels of B!, state) chosen
as upper levels for amplification in three level V-scheme
in Hy molecule, without Doppler broadening (solid line
and dashed line) and with Doppler broadening (inset) at
the steady state limit. For these two transition schemes
strong coupling has been considered between v = 0 levels
of X%, and B, states. To demonstrate that the strong
field coupling to different vibrational levels can modify the
gain profile, we have repeated the calculation with the
strong field coupling between v = 0 level of X3, state
to the v = 1 level of B'Y, state, for the probe transi-
tion from v = 0 — v; = 1 levels. The effect of differ-
ent strong field couplings is clear from the two profiles
shown in the figure (dashed and dot-dashed lines), with-
out Doppler broadening. The reason for the dependence
of AWPI on the choice of vibrational levels for probe and
coherent coupling is the same as discussed in the previous
paragraph for Ladder transition scheme. As in the case of
Ladder transition scheme, it is shown that for three level
V-scheme in Hy molecule AWPI is feasible even in pres-
ence of strong Doppler damping (inset) if the intensity of
the strong field is made on the order of 10! W/cm?. More-
over by increasing the density of molecules (~10'*/ cm?)
one can get amplification of the order of that in He—Ne

lasers. By comparing Figures 2 and 5 it is clear that in the
steady state limit for V-scheme the maximum gain is or-
ders of magnitude greater than that for ladder scheme and
in contrary to Ladder scheme AWPI can be obtained at
resonance for V-scheme in Hy molecule. In section “The-
ory”, we have not given the density matrix equations for
V-configurations. But the density matrix equations for the
Ladder system shows that replenishment of the ground
level due to incoherent pumping has not been considered
(i.e. A has not been added to the decay widths on the
probe transition). In the present case since A is less than
~v1 and 7 is less than 5, replenishment can be neglected
and under this condition one can get amplification for V
and A configurations when both the coherent and probe
fields are on resonance. It can also be shown from the an-
alytical analysis (in the steady state limit) that for faster
decay on the coherent transition than that on the probe
transition, amplification can be obtained under different
condition if the replenishment of the ground level is con-
sidered. In this calculation we have considered the maxi-
mum value of A for which maximum gain can be obtained
without population inversion. But one can decrease A to a
lower limit at the cost of magnitude of gain. In absence of
incoherent pumping AWPI cannot be obtained [5]. In the
inset we have shown the profile with Doppler broadening
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(11.85 cm™"). Inset shows populations in three levels for the above transition. Other parameters are the same as in Figure 5.

for very high strong field intensity so that the peaks are
widely separated. Rabi frequency for the strongly coupled
levels is 551 GHz. By increasing the strong field inten-
sity from the lower value, step by step, one can show the
evolution of splitting of these two peaks [26].

Figure 6 shows the evolution of gain and the popu-
lation difference (between levels coupled by probe field)
with time for the Doppler broadened V-system. The probe
transition is between v = 2 level of B'Y, state and
v = 0 level of X%, state and the strong field couples
the v = 0 levels of XIEQ and B'Y, states. The inset
shows the evolution of population of three levels involved
in this transition scheme. From this figure it is clear that
amplification persists at large time in absence of popula-
tion inversion. In V-scheme the population of two strongly
coupled states initially oscillates with time to attain the
steady state value and this oscillation is imposed on the
population difference between two levels coupled by probe
field. This shows that the population difference oscillates
between inversion and non-inversion at small time before
reaching the steady state limit of non-inversion. This fea-
ture is different from that for Ladder transition scheme
(Fig. 3) where non-inversion is attained throughout the
time of evolution, because of the fact that the oscillation of
population between two strongly coupled levels is weaker
than that in the V-system. In the V-system, the gain
with Doppler broadening has been obtained without initial
Raman inversion and in the steady state limit p1; < pao.
Since there is no initial Raman inversion one will get only

AWPIT [8] due to molecular coherences (initial Raman in-
version is one of the conditions for superfluorescence).

Figure 7 shows the gain profile for A transition scheme
in Hy molecule at the steady state limit, without and with
(inset) Doppler broadening. Probe field couples the v =0
level of XlEg state with v = 1 level of B1Y,, state and the
strong field coupling is between v = 1 levels of B'Y,, and
X113, states. The wavelength for the strong field transi-
tion is 114.4 nm. Inset shows that the maximum gain for
Doppler broadened A scheme is in between those for V and
Ladder schemes in Hy molecule, when the strong field in-
tensity is of the order of 10'® W/cm?. Similar to V-scheme
amplification can be obtained at resonance. The Rabi fre-
quency for the strongly coupled levels is 849.4 GHz. From
the results given above it is clear that for the three transi-
tion schemes maximum gain can be obtained only around
the AC-Stark splitting of the strongly coupled levels, when
the splitting is greater than the Doppler width.

Figure 8 shows the evolution of gain and population
difference for the same transition scheme considering the
inhomogeneous broadening of levels. Inset shows the evo-
lution of population in three levels involved in the transi-
tions. From this figure it is clear that AWPI is possible in
three level A-system in Hs molecule in presence of strong
Doppler broadening. Although the positive gain in the
large time limit is not prominent in the figure (because
the initial gain is orders of magnitude greater than the
steady state value), the existence of positive gain is con-
firmed by the profile shown in Figure 7 at the asymptotic
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ening for probe transition between v = 0 level of X'%, state and v = 2 level of A'Y, state and strong coupling between v = 2
level of A'S, state and v = 0 level of 'TI, state. Probe field intensity is 107° W/cm?, strong field intensity is 0.1 W /cm?
and 7 = 10" a.u. (2.4188 x 1072 s). 71 = 6.974169 x 10™* a.u. (4591.96 Hz), 2 = 2.02445 x 107'° a.u. (1.3329 MHz) and
A =2.024 x 1071 a.u. (1.33 MHz). Inset shows gain profile (solid line) and population difference (dotted line) with Doppler
broadening for the above transition. Doppler width = 2.1856 x 107" a.u. (1.439 GHz), A = 2.1856 x 107" a.u. (1.439 GHz),
probe field intensity = 0.1 W/cm?, strong field intensity = 4.0 x 10* W/cm? and 7 = 10° a.u. (2.4189 x 107% s).

time limit. This is true also for the V-transition scheme
(see Figs. 5 and 6). Vibrational relaxation width between
levels 2 and 1 in V-scheme and between levels 1 and 0in A
scheme is orders of magnitude less than the spontaneous
decay width.

So far we have discussed about the possibility of AWPI
in the Hs molecule considering three transition schemes
(Ladder, V and A) and have shown that it is possible to
obtain AWPI in the VUV range in spite of large inhomoge-
neous broadening. We will now show the results for AWPI
in Lis molecule which can lead to emission in red and
infra-red region (photon energies 0.0638418, 0.0649945
and 0.0661289 a.u., and the corresponding wavelengths
are 712.9 nm, 700.2 nm and 688.2 nm) for transitions to
v = 0,1 and 2 levels of A'Y,, state respectively from v = 0
level of X 129 state. AWPI in visible range has also been
described in LiH molecule elsewhere [23]. As in the case of
Hs molecule, we have considered three type of transition
schemes (three level Ladder, V and A) in Lis molecule.

Figure 9 shows the gain profile for three level Ladder
transition where the probe field couples v = 0 level of
XlEg state and v = 2 level of A'Y,, state whereas the co-
herent coupling is between v = 2 level of A'Y, state and
v = 0 level of 1Hg state. The wavelengths for probe and
coherent transitions are 688.2 nm and 1379 nm respec-
tively. Inset shows the gain profile for the same transition
considering the Doppler broadening of levels at the room

temperature. It is found that the population difference
(dotted line in the inset) shows two positive peaks only in
the region of negative gain. In the region of positive gain
population non-inversion is maintained. It is found that
the maximum gain considering inhomogeneous broadening
is two orders of magnitude less than that obtained with-
out Doppler broadening. For Lis molecule Doppler width
~2.1856 x 1077 a.u. (1.439 GHz) is one order of magni-
tude less than that ~3.5845 x 107% a.u. (23.6 GHz) of
Hs molecule. Hence the damping due to inhomogeneous
broadening is less and the amplification is greater than
those in Hs molecule. As it is expected gain profile with
two peaks symmetrically placed in the detuned position
around the resonance is obtained. The time evolution of
gain and the population inversion for the detuning at the
peak position of the profile (inset) in Figure 9 has been
shown in Figure 10. The inset shows the evolution of pop-
ulation in three levels involved in the transition.

The gain profile for V-transition scheme in
Lis molecule is shown in Figure 11 which shows that the
profile differs if the probe and the coherent transitions are
interchanged. Here probe field couples v = 0 level of X1,
state and the v = 2 level of A'Y,, state whereas coherent
field couples the v = 0 levels of these two electronic
states (dot-dashed curve). This profile can be compared
with the solid line curve where the two transitions for
probe and coherent fields are interchanged. Inset shows
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the Doppler broadened profile for amplification from
v = 2 level of A'Y, state. Comparison of this profile
(inset) with that without considering the inhomogeneous
broadening shows that amplification is damped by two
orders of magnitude as in the case of Ladder scheme.
Time evolution of gain and the population inversion for
the detuning at the peak position of the profile with the
Doppler broadening is shown in Figure 12. Inset shows
the evolution of populations in three levels considered in
this transition scheme. It is found that the population in
two levels coupled by strong field initially oscillates with
time before reaching the steady state value whereas the
population of the upper level for amplification increases
monotonically with time. This feature of oscillating pop-
ulation is seen in the population difference of two levels
coupled by probe but reaches the limit of population
non-inversion at large time. Hence it is demonstrated that
AWPI can be obtained in Liz molecule considering the
three level V-scheme. Moreover by increasing the density
of molecules one can get amplification of the order of that
for He—Ne lasers as discussed in case of Hs molecule.

In Figure 13, gain profile for A transition scheme with
(inset) and without inhomogeneous broadening is shown.
The probe coupling considered here is between v = 0 lev-
els of X'3, and A'Y, states and the strong coupling
is between v = 0 level of A'Y, state and v = 1 level
of X lEg state. The wavelength for coherent transition is
730.9 nm. As in the case of Hy molecule, maximum gain
can be obtained only around the AC-Stark splitting of the
strongly coupled levels for the three transition schemes in

Lis molecule. Therefore one can get an estimate of the
Rabi frequency for the coherent transition from the split-
ting of the gain peaks. From the time evolution of gain,
population difference (Fig. 14) and the populations in
three levels (inset) at the region of maximum gain (Fig. 13)
it is clear that the AWPI is feasible in the steady state
limit. At the smaller time the amplification oscillates be-
tween positive and negative values whereas the popula-
tion difference is negative throughout the evolution time.
Since the damping due to the inhomogeneous as well as
homogeneous broadening in Lis molecule is less than that
in Hs molecule, the coherent field intensity required for
AWPI in Lip is much less (5 x 106 — 4 x 108 W/cm?)
than that for Hy molecule. In both the molecules the na-
ture of gain profiles and its magnitude have been shown
to differ for three transition schemes. Moreover, the mag-
nitude and the wavelength for amplification are different
for these two molecules, in three transition schemes.

In conclusion we have shown here both analytically
and numerically that in small diatomic molecules like Hy
and Lip, AWPI is feasible in the VUV and far-red region
respectively both in the case of inhomogeneous and homo-
geneous broadening of levels. We have also shown that the
advantage of choosing molecular system is that the profile
of AWPI (as a function of detuning from the upper level
of amplification) and the magnitude of maximum gain can
be controlled by choosing transitions between different ro-
vibrational levels for three level Ladder, V and A transi-
tion schemes. We have also shown that the gain profile
changes its nature drastically with the time of evolution.
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